Abstract. The present paper introduces a mixed stress-displacement method for linear elasticity, as an extension of the work performed by Christiansen [15] for computational relativity. Moreover, we establish self-adjointness in a special sense and perform numerical simulations to assess the relevance of the method, including comparison with the recent TDNNS [30, 34] mixed formulation. Extensions to higher order approximations and non-linear elasticity are also introduced.
fields exist in the sense of distributions, the expression of material laws remains an issue, that we address owing to the dual identification between strain and stress tensor spaces.
Moreover, we propose an extension to non-linear mechanics. In particular, a proper approximation space for the right Cauchy-Green strain tensor is constructed, in coherence with the small deformation case. Such a construction shows that the proposed method naturally extends to higher order approximations in linear and non-linear mechanics.
The present work is organized as follows. After recalling the differential sequence underlying linear elasticity (Section 2.1), we develop the discretization spaces taking place at the lowest possible order (Section 2.2). As compared with [15] , we also investigate the self-adjointness of the sequence (Section 2.3). A mixed stress-displacement formulation for elasticity is then proposed along those lines (Section 3) for which well-posedness and convergence properties are established; a proper stabilization term is also introduced (Section 3.3) to guarantee uniform behavior at the incompressible limit. Section 3.4 introduces extensions to non-linear elasticity and higher order approximations. Section 4 illustrates the method on numerical test cases; in particular, convergence properties and behavior with respect to bulk modulus and domain aspect ratio are considered.
2. Differential Elasticity Complex.
Continuous Kröner complex.
In the sequel, Ω denotes a domain in R 3 representing the reference configuration of a body undergoing small deformations. For simplicity, we assume in the sequel that Ω is contractable, i.e. Ω contains no holes or handles. The fundamental operators used in linear elasticity are the deformation operator Def , the curvature operator Inc used to test the compatibility of a deformation field, and the divergence operator Div; they are defined as follows [26] . Definition 1. The deformation operator Def : C ∞ (Ω; R 3 ) → C ∞ (Ω; S) is defined as
where S is the space of symmetric tensors in R 3×3 . The space of rigid body motion, i.e. of translations and infinitesimal rotations, is denoted as rm(Ω). It is the null-space of the Def operator.
Definition 2. The incompatibility -or curvature -operator Inc : C ∞ (Ω; S) → C ∞ (Ω; S) is defined as Inc(ε) = curl(curl ε) , where (curl ε) ij = (curl ε i• ) j , i.e. the curl operator is computed row by row.
Remark 1. In components, one gets
[Inc(ε)] ij = [curl(curl ε) •i ] j = (curl ε) j1i,j2 − (curl ε) j2i,j1 = ε j1i1,j2i2 − ε j1i2,j2i1 − ε j2i1,j1i2 + ε j2i2,j1i1 , where derivatives are denoted after the comma, as a subscript, and j k ≡ j + k mod 3. Observe that for every φ ∈ C ∞ (Ω; R 3×3 ), Inc(φ ) = Inc(φ), hence the symmetry of Inc(ε) in the sense of distributions. Indeed, for every ε ∈ D(Ω; S) , Inc(ε); φ = ε; Inc(φ ) = ε; Inc(φ) = Inc(ε); φ , ∀φ ∈ C ∞ c (Ω; R 3×3 ). (2.1) Proposition 1. Let ε ∈ C ∞ (Ω; S). There exists u ∈ C ∞ (Ω; R 3 ) such that Def (u) = ε if and only if Inc(ε) = 0.
Proof. Observe that any displacement field u satisfying Def (u) = ε fulfills u i,jk = ε ij,k + ε ik,j − ε kj,i .
As a consequence, the skew-symmetric part ω of its gradient satisfies ω ij,k = ε ik,j − ε kj,i .
The integrability of ω imposes ω ij,kl = ω ij,lk which is equivalent to Inc(ε) = 0; u can then be determined by u i,j = ε ij + ω ij whose integrability condition is automatically satisfied.
Definition 3. The divergence operator Div :
Proposition 2. Let γ ∈ C ∞ (Ω; S). There exists ε ∈ C ∞ (Ω; S) such that γ = Inc(ε) if and only if Div(γ) = 0.
Proof. We only establish the most difficult implication. If Div(γ) = 0, the exactness of the De Rham complex shows there exists β ∈ C ∞ (Ω; R 3×3 ) such that γ = curl(β + ∇q) for any q ∈ C ∞ (Ω; R 3 ). Introducing β = β + ∇q, the symmetry of γ implies after calculation that
where we are free to enforce tr(β) = 0 by taking div q = −tr(β), hence Div(β ) = 0. This yields the existence of a tensor field α such that β = curl(α) and therefore γ = Inc(α). It follows from Remark 1 that α can be chosen symmetric since
which completes the proof.
Singular Discrete Kröner
Complex. We present here the discrete version of the Kröner complex on the basis of P 1 approximations of the displacements. It relies upon [15] .
Let T h be a mesh of the polyhedral domain Ω, and X 0 h = P 1 (T h ) 3 the space of piecewise affine continuous displacements as usually defined over T h . Let us define the following sets: T 0 h will denote the set of vertices, T 1 h the set of edges, T 2 h the set of faces and T 3 h the set of tetrahedra. Proposition 3. The deformation operator Def : X 0 h → X 1 h restricts to discrete displacements as follows. Let u ∈ X 0 h be a discrete displacement field, i.e.
where (N i ) are the standard scalar-valued shape functions and (u i ) the vector nodal values of the displacement field respectively to the collection of vertices (N i ). Then
where the sum is over the edges described as pairs of vertices (i, j); t i j = X j − X i is the vector binding vertex N i to vertex N j where (X k ) denotes the coordinates of vertices (N k ). Moreover
Proof. We have by definition
where the s exponent denotes the symmetric part of the expression between parentheses. For every vertex N i ∈ T 0 h and every tetrahedron T ∈ T 
from which the announced result follows.
The following commutation property holds.
h (with > 0) be the nodal interpolation defined as
h (with > 0) be the edge interpolation defined as
Proof. For every u ∈ H 3/2+ (Ω; R 3 ),
Proposition 5. In the sense of distributions, the operator Inc :
where the last sum is over the faces F ∈ T 2 h sharing e as an edge; (m F,e , n F , τ e ) is an oriented orthonormal basis in which τ e is colinear to the edge e, n F is normal to the face F and m F,e = n F × τ e . The jump of ε accross the face F is denoted by [[ε] ] F := ε + − ε − where ε + is taken on the side of the face towards which n F is pointing; ε − is on the other side. The space X 2 h is defined as
where δ e is the Dirac measure distributed over the edge e ∈ T 1 h .
Proof. For every ε ∈ X 1 h and every φ ∈ C ∞ c (Ω; S), we have in the sense of distributions
with A = (curl φ) and implicit summation over repeated indices. Moreover, a computation in components establishes that for every constant v ∈ R 3 and every
Let us now simplify this expression; by construction of X 1 h , one can verify that for each face F ∈ T 2 h , there exists a vector a ∈ R 3 such that
2)
It follows in the sense of distributions that
Owing to the symmetry of the matrix Inc(ε) from equation (2.1), for every e ∈ T 1 h , there exists σ e ∈ R such that
, where b F,e exhibits zero contribution in the sum. Hence the announced result.
from which the result follows.
The discrete divergence operator operates as follows. Proposition 7. In the sense of distributions, the operator Div :
h is defined as
where δ i is the Dirac measure on vertex
where we have denoted e = [e − ; e + ] as oriented by the vector τ e .
where −Def appears as the dual operator of Div. Hence the proof.
As a consequence of the previous results, we get the following commuting diagram.
Observe that discrete distributional stress fields ensure tangential-tangential continuity. Interpreted over a dual mesh, a unique normal-normal component will be defined over each dual face. This reminds the latest developments from [30, 34] with stress fields in H(Div Div).
Remark 3. Observe that incorporating acceleration effects into the problem, one would not necessarily expect H(Div) compatibility for the stress field. Indeed, Rankine-Hugoniot jump relationship states that accross a shock moving at velocity W ,
whereu is the velocity field, ρ the mass density, σ the stress tensor field and n the normal vector field on the shock surface. This remark suggests the use of potentially discontinuous velocity fields, for which specific mixed approaches can be designed (see [22] ).
2.3. Adjoint differential sequence. Let us first define inner products over the various discrete spaces.
Definition 4. Let us define the following inner products:
The dual sequence is defined as follows.
For every ε ∈ X 2 h and every u ∈ X 3 h ,
Hence the following diagram:
First observe that X 0 h and X 3 h (resp. X 1 h and X 2 h ) can be linked through a one-to-one correspondance, since they are based upon the same nodal (resp. edge) degrees of freedom. To reproduce at the discrete level the self-adjointness of the continuous differential sequence, we propose to project distributions from X 2 h (resp. X 3 h ) onto regular fields X 1 h (resp. X 0 h ); this projection will also be useful to define a discrete version of tensor calculus and define material laws. This is done using the following interpolation operators.
Definition 6. Let us define the following interpolation operators :
Hence the following result.
Proposition 9. Let us denote
The following sequence is self-adjoint:
in the sense that:
Proof. Let us show that Def
We also have, for 3.1. Problem position. Let A be a fourth order compliance tensor field, and f , g be loadings respectively applied over the domain Ω and the part Γ N of its boundary. The displacements of the body are imposed equal to u 0 over Γ D = ∂Ω \ Γ N . Under mixed form, two choices offer themselves; the first one looks for
The second choice looks for
Remark 5. Observe each of these choices imposes either displacement or stress boundary conditions under natural form. Moreover, the regularity of the fields varies from a formulation to the other, which raises the question of an intermediate and optimal choice of regularity for (u, σ). Such a question has been addressed within the work of Schöberl and Sinwel [30, 34] .
We will make use of the Hooke's law,
where σ, ε respectively denote the stress and strain tensors, and E the fourth order elasticity tensor. The resulting compliance law reads:
where λ, µ are the Lamé coefficients related to the Young's modulus E and Poisson's coefficient ν by
.
1 denotes the second order unit tensor and tr(σ) = We introduce the discrete material law A h :
and the discrete loadings
Observe the discrete formulation reads in operator form
Theorem 1. Problem (3.4) admits a unique solution. Moreover, there exists a constant C > 0 independent of the discretization such that
Proof. The proof relies on two basic ingredients:
• the inf-sup stability condition for the discrete divergence operator on stress fields tested against discrete displacements, i.e.
with σ h = Def (u h ). The existence of the constant β > 0 directly follows from Friedrich's inequality.
• the coercivity of the material law is straightforward but may potentially degenerate as λ → ∞; this issue is investigated in the next section. The conclusion is classical [13, 20] .
The convergence analysis of the problem follows [13, 20] .
Theorem 2. With the notation introduced above, and owing to the inf-sup stability (3.6), there exists a constant C > 0 independent of the discretization such that:
Remark 7. The constants C from the two previous theorems actually depend upon the coercivity constant of the problem. In Section 3.3, this constant will be proven to be independent of the Lamé coefficient λ, either provided a specific inf-sup condition is satisfied, or by addition of a proper stabilization term in the formulation.
Incompressible limit.
3.3.1. Verification of a discrete inf-sup condition. Coercivity will indeed hold uniformly with respect to the Lamé coefficient λ when discrete displacements and hydrostatic pressures satisfy an inf-sup condition, as proven by the following theorem. Theorem 3. Assume there exists β > 0 independent of h such that
Then, there exists a constant C > 0 independent of h and λ such that
10)
for every σ h ∈ X 1 h which satisfies
Proof. From (3.3), it follows that for every
Owing to (3.8), for every σ h ∈ X 1 h , there exists v h ∈ X 0 h such that −div v h = tr σ h and v h H 1 (Ω) 3 ≤ C tr σ h L 2 (Ω) with uniform constant C > 0. As a result, for every σ h ∈ X 1 h such that Ω σ h :
yielding uniform coercivity with respect to λ.
In practice, we cannot prove condition (3.8) will hold on general meshes, though numerical results seem to establish the uniform behavior of the method at the incompressible limit. Such an inf-sup constant could be evaluated numerically through a singular value decomposition following Bathe, Chapelle and Iosilevitch [7] ; a macro-element technique as in [23, 35] could also be used to determine some favorable mesh patterns.
Stabilized approach.
In order to guarantee uniform behavior with respect to λ, we introduce herein a stabilization term, which arises from the following theorem.
Theorem 4. Let (T h ) be a sequence of regular meshes over Ω. For every α > 0, there exists a constant C > 0 independent of h and λ such that
13)
The sums are over the faces F ∈ T 2 h of the mesh; h F denotes the diameter of such a face. When F ∈ T 2 h is an external face of the mesh, we denote
We proceed similarly to the proof of Theorem 3. Simply observe that for every
with uniform constant C > 0. As a result, for every σ h ∈ X 1 h , one has
The conclusion follows from Lemma 1 below when taking v h = I h v, owing to the Cauchy-Schwartz inequality and
The following technical lemma follows from Scott-Zhang [33] interpolation and inverse inequalities.
Lemma 1. Let (T h ) be a sequence of regular meshes over Ω. There exists a corresponding sequence of interpolation operators I h :
, and every facet F ∈ T 2 h ,
where the constant C > 0 is independent of the mesh T h and of the facet F ;T F is the region containing all tetrahedra T ∈ T h intersecting with F . Moreover, for every v ∈ H 1 (Ω) 3 vanishing on Γ ⊂ ∂Ω, one has I h v ≡ 0 on Γ.
Remark 8.
In the stabilization term, should be omitted the contributions of faces F ∈ T 2 h , F ⊂ ∂Ω on which some displacement boundary conditions are enforced. For instance, in the proof above, when the whole boundary ∂Ω is clamped, one has Ω tr σ h = 0 and v ∈ H 1 0 (Ω) 3 can be found such that −div(v) = tr σ h with v H 1 (Ω) 3 ≤ C tr σ h L 2 (Ω) . Since v h may be taken equal to 0 on the boundary, all boundary terms vanish.
Let α > 0 be a stabilization parameter. We look for the discrete displacements u h ∈ X 0 h with u h = u 0 h over Γ D and the stress field
for every δσ h ∈ X 1 h and δu h ∈ X 0 h,0 ; we have denoted
From theorem 4, problem (3.14) is well-posed, and the solution obeys
with C > 0 and
Convergence follows from standard theory: 15) owing to the fact that the stabilization term vanishes for a solution σ ∈ H 1 (Ω; S) of the continuous problem.
3.4.
Extensions to non-linear elasticity and higher orders. Let us denote by ϕ(Ω) the deformed domain occupied by the body under loading; ϕ is referred to as the deformation mapping and reads ϕ(x) = x+u(x) for every x ∈ Ω where u is the displacement field. In nonlinear elasticity, frame indifference implies the deformed state is fully characterized by the right Cauchy-Green strain tensor
instead of the linearized strain tensor Def (u).
Let us first approximate the deformation field ϕ over the previously defined displacement space X 0 h . It follows that
where X i denotes the coordinates of node N i and u i its displacement. Consequently,
Observe so far that N i and N j may coincide, causing that pairs (i, j) do not necessarily index edges. For every tetrahedron T ∈ T 3 h and x ∈ T , observe with notation from the proof of Proposition 3 that (3.17) hence, owing to the symmetry of C,
This expression emphasizes the role of C as the metric tensor, its components being the collection of edge extensions. At the limit of small deformations, observe that
The first term corresponds to the components of the unit tensor; it suffices to use Proposition 3 to establish it. The second term corresponds to the linearized deformation operator Def (u). This section therefore establishes that the approximation spaces X 0 h and X 1 h can be respectively used to approximate displacements and Cauchy-Green strain tensors in the nonlinear regime. Moreover, observe that for every ϕ ∈ C 1 (Ω; R 3 ), with notation from Proposition 4, 19) where the non-linear strain interpolation operator I 1 h is defined by
By extrapolation of the approach established in the linear regime, X 1 h can therefore be employed as an approximation space for the second Piola-Kirchhoff stress tensor Σ.
Remark 9. This conclusion relies on the assumption that Cauchy-Green strain tensors and curvature fields -which correspond to stress fields -can be put in one-to-one correspondence. It is the case in the linear regime due to the self-adjointness of the elasticity differential sequence. We have explicitely emphasized this correspondence between discrete spaces X 1 h and X 2 h , which enabled us to formulate the material law without handling the distributional character of the discrete stress field.
Remark 10. The non-linear interpolation I 1 h can be interestingly employed within updated Lagrangian approaches to provide strain fields on remeshed configurations while ensuring equivalence between the updated and total Lagrangian approaches.
Remark 11 (Extension to higher order). In view of equation (3.17) , it is clear that the edge interpolation of strain fields proposed by formula (3.18) remains valid for all types of Lagrange elements, i.e. for which the decomposition of the displacements is of the type i∈T 0 h u i N i with (u i ) ∈ R 3 and i∈T 0 h N i ≡ 1 over Ω. In particular, the proposed method extends to all displacements P k or Q k (k ≥ 1) for non-linear elasticity. For linear elasticity, such a basis of deformations contains more polynomials than strictly required, but it does not affect the satisfaction of the infsup condition (3.6) or optimal convergence. Observe for higher orders that the incompressibility stabilization term will become
3.5. A short review of existing methods. We describe here two recent mixed formulations for elasticity as a reminder. For a broad overview of possible approaches, we recommend [4, 30, 34] and the latest edition of [13] to appear.
3.5.1. The Arnold-Falk-Winther approach. It has first been described in [2] [3] [4] [5] and relies on formulation (3.1). In its first order version, it employs discrete spaces
In 2D, the degrees of freedom for the stress field σ ∈ X 2 h on a triangle T are
• the values of the 3 components of σ at the 3 vertices, (9 degrees of freedom)
• the values of the moments of degree 0 and 1 of the normal components σ · n on each edge e, namely e σ · n ds and e s σ · n ds, (12 degrees of freedom) • the values of the 3 components of the moment of degree 0 of σ on T , i.e. T σ, (3 degrees of freedom) resulting into 24 stress degrees of freedom. In 3D, the construction becomes more intricate and the symmetry of the stress tensors is rather imposed in a weak sense [18] , resulting into the following formulation; find
(3.20) We have denoted as sk R 3×3 the subspace of skew-symmetric tensors in R 3×3 . At order k ≥ 1, displacement fields are approximated in P disc k−1 (T h ; R d ) and stress fields in
following Brezzi-Douglas-Marini [10, 12] ; ω is a skew-symmetric tensor field having components in P disc k−1 (T h ).
Remark 12.
There exists several variants of the above scheme.
• P disc k−1 (T h ) can be replaced by the space of rigid body motions in the strongly and weakly symmetric versions, which provides a first order variant.
• The stress space may be lightened as
according to [11] , which results for k ≥ 2 into a generalization of [1] .
• For k ≥ 1, the PEERS element [17] chooses the order (k−1) Raviart-Thomas RT k−1 stress space and ω among skew-symmetric tensors having continuous components in P k (T h ).
The TDNNS approach.
In the design of a mixed method for elasticity, one has mainly the choice between formulations (3.1) and (3.2) , where the equilibrium equation involves either
In the framework of the TDNNS formulation, v ∈ H(curl) and stress fields σ belong to the space H(Div Div; Ω) where Div Div σ ∈ H −1 (Ω); one has at the discrete level
The following stress and displacement spaces are adopted:
3×3 , σ nn continuous accross faces .
In 3D, at the first order of approximation (k = 1), stress fields use 3 degrees-of-freedom per face of a tetrahedron, i.e. 3 × 4 = 12 degrees of freedom on a tetrahedron, and another 2 × 6 = 12 degrees of freedom are used for tangentially continuous displacements. This is the same number as for the PEERS element. At second order of approximation (k = 2), 12 degrees of freedom are needed for the stresses and 30 for the displacements: this results in a total number of 42, which is less than the 66 degrees of freedom required for the PEERS element.
In 2D, this yields 9 degrees of freedom (resp. 15) for stresses and 6 degrees of freedom (resp. 12) for displacements at the first (resp. second) order of approximation, for a total of 15 (resp. 27) degrees of freedom. For further details, the reader is referred to [30, 34] .
4. Numerical Tests. The numerical tests of the present section have been performed in Free Fem ++ (www.freefem.org). They aim at exploring convergence, sensitivity to incompressibility and domain aspect ratio of the present formulation, as well as spectral behavior. When dealing with 2D problems, the proposed deformation space can be taken identical to the 3D definition; the same convergence analysis holds. The first test-case is taken from Carstensen et al. [14] . The present method will be abbreviated as CDTTS for Continuous Displacements / Tangential Tangential continuous Stress at first order, and CDTTS 2 at second order (see Remark 11) . The corresponding stabilized variants with α = aµ are respectively denoted as CDTTS(a) and CDTTS 2(a).
Remark 13. In the sequel, displacements are prescribed under penalized form through the additional energy κ Γ D u 2 in the system, and κ = 10 9 µ. Observe that for such a displacement field, div u ≡ 0. We choose the Lamé coefficient µ = 38. GP a and compare the compressible case λ = 62. GP a with the quasi-incompressible case λ = 6200. GP a. In these two cases, the convergence curves are analyzed in the energy norm defined as
, where σ * is the stress field corresponding to the analytical solution. The results are plotted on Figure 4 .1. Observe that the convergence curves corresponding to the CDTTS, first order TDNNS and CDTTS 2 methods are independent of λ, even without stabilization. For P 1 , P 2 and P 3 approximations, those curves deteriorate as λ grows; the worst case happens, as expected, for the P 1 case. This example demonstrates the optimal convergence achieved by the CDTTS and CDTTS 2 methods, uniformly with respect to λ even without stabilization.
A cantilever beam.
We consider a homogeneous aluminium beam of thickness 1 m, width 1 m and length = 4 m, clamped at one tip, and submitted to a uniform force density f = 5. 10 7 N in the bulk perpendicular to the main direction of the beam. The interest of such a test case, though simple, is to explore both curvilinear and incompressible limits. The Lamé coefficients of the material are taken as follows: λ 0 = 62. GP a and µ = 38. GP a. We compare the results obtained with the present CDTTS and CDTTS 2 methods, the standard P 1 and P 2 continuous approximations in displacements, and the recent TDNNS mixed formulation proposed by Schöberl and Sinwel [30, 34] in its first order variant. The error is analyzed in the relative energy norm as
where σ * h is the stress field approximated on the mesh T h for the higher-order P 3 method in displacements; observe the method is not locking free.
The results are displayed on Figure 4 .2, first for = 4 m and λ 0 = 62. GP a. For all first order (resp. second order) methods, convergence behaves approximatively like O(h 0.8 ) instead of O(h) (resp. O(h 2 )), which confirms the singular nature of the problem due to the transition between Dirichlet and Neumann boundary conditions. P 1 , TDNNS and CDTTS methods (resp. P 2 and CDTTS 2 methods) perform similarly in this case. Note the convergence curves of the CDTTS and first order TDNNS methods are very similar, especially when expressed in terms of degrees of freedom instead of mesh size. At quasi-incompressible limit λ = 6200.GP a, the P 1 method deteriorates as expected, due to a severe locking effect; this is not the case with CDTTS or TDNNS even without stabilization. P 2 and CDTTS 2 perform in a similar way. Figure 4 .2 also displays the curvilinear case = 40 m with λ 0 = 62. GP a, where the P 1 approximation also exhibits locking, which is avoided by CDTTS and TDNNS. P 2 and CDTTS 2 still perform similarly. Figure 4 .3 illustrates the effect of the proposed stabilization term on the method. The stabilization coefficient a = 10 −2 (resp. a = 10 −3 ) has been selected for the CDTTS (resp. CDTTS 2) method, though several decades seem to be allowed with comparable results. The error level is slightly improved, especially for CDTTS 2 in the quasi-incompressible and curvilinear limits.
Finally, we investigate the spectral behavior of the various formulations on the same mesh with h = 0.1m, = 4 m and λ 0 = 62. GP a. In the present setting, and borrowing notation from Section 3.2, we look for eigen-frequencies ω 2 , discrete displacements u h ∈ X Figure 4 .4. They confirm the coherence of the proposed formulation with a softer behavior as compared to the P 1 formulation in the first order variant and a result close to the P 2 spectrum in the second order variant.
Conclusion.
We have clarified the underlying differential structure of primal elasticity problems approximated by P k or Q k displacement fields. A family of mixed stress-displacement formulations for elasticity has been deduced; it proves to behave uniformly with respect to the incompressible limit and opens the route to higher order and nonlinear applications. Some numerical results also assess the pertinency of the presented approach. 
